We study (covariant) scalar-vector-tensor (SVT) perturbations of infinite derivative gravity (IDG), at the quadratic level of the action, around conformally-flat, covariantly constant curvature backgrounds which are not maximally symmetric spacetimes (MSS). This extends a previous analysis of perturbations done around MSS, which were shown to be ghost-free. We motivate our choice of backgrounds which arise as solutions of IDG in the UV, avoiding big bang and black hole singularities. Contrary to MSS, in this paper we show that, generically, all SVT modes are coupled to each other at the quadratic level of the action. We consider simple examples of the full IDG action, and illustrate this mixing and also a case where the action can be diagonalized and ghost-free solutions constructed. Our study is widely applicable for both non-singular cosmology and black hole physics where backgrounds depart from MSS. In appendices, we provide SVT perturbations around conformally-flat and arbitrary backgrounds which can serve as a compendium of useful results when studying SVT perturbations of various higher derivative gravity models.
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I. INTRODUCTION
Einstein's general relativity (GR) is an excellent theory in the infrared (IR) regime, far from the source, and at late times. Its success has been seen from solar system tests [1] to the recent detection of gravitational waves from mergers of binary compact systems [2, 3] . Despite this success, GR requires modifications at short distance and time scales, i.e., in the ultraviolet (UV) regime. At the classical level, there exist cosmological (big bang) and black hole singularities [4] [5] [6] [7] . At the quantum level, GR is non-renormalizable [8, 9] . In fact, we do not yet know, experimentally, if a quantum theory of gravity exists [10] . There are various ways to address these problems, like string theory [11] , loop quantum gravity [12] , causal set dynamics [13] and asymptotic safety [14] . There is another very insightful approach,
perhaps not yet at the fundamental level, but rather from the bottom-up: adding higher derivative corrections to GR. In four spacetime dimensions, quadratic curvature gravity is renormalizable [15] but suffers from ghost instabilities 1 . In fact, any finite derivative theory of gravity suffers from classical and quantum instabilities in non-supersymmetric, time-dependent backgrounds [17, 18] . One can go beyond finite derivative modifications to GR in the spirit of string field theory (SFT) [19] [20] [21] [22] [23] (for a review, see [24] ) and higher derivative (α ) corrections that appear in the low energy string effective action [25, 26] .
As mentioned above, one potential approach to tackle these problems is to invoke infinite covariant derivatives [27] [28] [29] [30] [31] [32] [33] [34] [35] . It was shown that infinite derivative gravity (IDG) can potentially resolve cosmological (big bang) singularity [31, 36] and black hole singularities in static [32, [37] [38] [39] [40] [41] [42] [43] [44] and dynamical setups [37, 38, 45] . Furthermore, infinite derivative field theories [34, 35, 46] have UV behavior similar to that of SFT and p-adic strings [24] . In infinite derivative theories, there exists a scale of non-locality, M s , below the Planck scale in 4 spacetime dimensions. The non-locality appears only at the level of interactions, which can potentially ameliorate the UV problems at higher loops for proper gravitational form factors [33, 46, 47] . It has been shown that there exists a complementarity due to nonlocal interactions which suppresses scattering amplitudes with 2 [48, 49] , or more interactions [50] , such that the fundamental non-local scale may shift in the IR. This allows the intriguing possibility of observing this non-local scale at low energies, allowing us to constrain or falsify the theory [51, 52] . Furthermore, infinite derivative theories have very interesting quantum properties at finite temperatures [53] [54] [55] [56] [57] , which mimics some properties of the Hagedorn behavior of strings at temperatures above the string scale. In addition to all these developments, it is important to study classical perturbations of IDG in four spacetime dimensions. In fact, earlier papers have studied cosmological perturbations around a bounce, ameliorating the cosmological (big bang) singularity [58, 59] , around de Sitter(dS) and anti de Sitter (AdS) backgrounds [60, 61] , and during cosmic inflation [62] [63] [64] [65] [66] [67] .
The aim of this paper is to study perturbations in IDG at the quadratic level of the action around backgrounds that go beyond those usually studied in literature, viz. flat/dS/AdS. In particular, we study the SVT modes of metric perturbation around a background which is conformally-flat, and has covariantly constant curvatures motivated through physically relevant examples like cosmological bounces and non-singular, non-vacuum, spherically symmetric, static spacetimes. In appendices, we provide, for the first time, second order SVT perturbations around arbitrary and conformally-flat (e.g. FLRW) backgrounds. Our treatment is general with many valuable results, which can be useful for future work in a variety of higher derivative gravity theories.
The paper is organized as follows: in sec.(II), we introduce IDG, a general class of higher derivative gravity, and the action that we use in this paper. In sec.(III), we introduce the background field method, (covariant) SVT decomposition of metric perturbation and the general structure of the second order action. In sec.(IV), we will discuss typical backgrounds studied in literature, like dS/AdS, and then choose a specific non-MSS background upon which we perform perturbations in later sections. This background is conformally-flat and satisfies covariantly constant curvature conditions. These conditions significantly reduce the convoluted perturbative expressions to be encountered in later sections, and also make contact with physically motivated examples from cosmological bounce and black hole-like scenarios. We also lay out the background equations of motion. In sec.(V), we segregate, organize and present second order perturbations at the level of the action, in SVT form, for the action we started with in sec.(II). They possess peculiar scalar-vector-tensor mixings, explicitly showing how perturbations around general backgrounds become difficult to analyze. In sec.(VI), we will verify our general analysis by deriving dS/AdS and flat space limits which were studied in previous papers [61] , [60] . In sec.
(VII), we analyze the physical spectrum for simple cases of the general action we started with. Finally, we conclude with some comments on possible directions for future work in sec.(VIII). Many relevant perturbative expressions and commutation relations are collected in Appendices (B), (C) and (E). They include perturbations and commutation relations around an arbitrary background and are therefore useful for future work in gravity, and higher derivative gravity in particular.
Notation: We use the metric signature (−, +, +, +). = c = 1, and the reduced Planck mass is M 
II. INFINITE DERIVATIVE GRAVITY
The most general action for gravity which is quadratic in Ricci scalar R, traceless Ricci tensor S µ ν and Weyl tensor C ρσ µν each, parity invariant, torsion-free, and which can be made ghost-free around maximally symmetric backgrounds is given by [32, 60, 61] 
where we have defined s ≡ /M 2 s , where M s (< M P ) is the scale of non-locality. The traceless Ricci tensor in 4 dimensions is given by
F i ( s ) are analytic gravitational form factors which are functions of d'Alembertian and have a power series expansion:
The coefficients go as
s . In IR, for low enough momenta k M s , L EH+Λ dominates over the higher curvature terms. One can easily consider special cases of the above general action by considering arbitrary form factors, like F i ( s ) = 1, and truncating F i ( s ) to a finite order in s 3 . The full, non-linear equations of motion (EoM), around an arbitrary background, has been derived in [70] (see Appendix (A)). In this paper, we take the above action in eq.
(1) and analyze second order perturbations around a specific (non-MSS) background.
III. PERTURBATION THEORY
We will use the well-known background field method (see [71] , [72] ) to study second order metric perturbations at the level of the action. We define the covariant scalar-vector-tensor (SVT) decomposition and provide the most general structure of the second order action (δ 2 S) one can expect in IDG (and a generic quadratic curvature gravity) around arbitrary backgrounds. Restricting to 3 + 1 dimensions, we split the full metric g µν into backgroundḡ µν and perturbation h µν :
where |h µν | < |ḡ µν |, and expand the action S up to O(h 2 ) to get δ 2 S. We are interested in perturbations around vacuum solutions so we put T µν = 0. Extremizing S to first order gives the background EoM,Ē µν = 0. We consider on-shell perturbations and therefore get rid of the linear in h term in δ 2 S by imposingĒ µν = 0. The background EoM are useful in simplifying the computation of δ 2 S as we will see later.
A. Scalar-vector-tensor decomposition
We can covariantly decompose h µν into two scalar, one vector and one tensor (SVT) degrees of freedom [17, [73] [74] [75] :
The first two conditions make h µν transverse and traceless, respectively. The last condition ensures transversality of A µ , while h is the traceḡ µν h µν . For both GR and IDG, the above decomposition produces kinetic mixings between B and h modes in δ 2 S when the background is flat or dS/AdS. This mixing can be removed by the field redefinition: φ ≡¯ B − h, so that the graviton quadratic form has one tensor h µν and one scalar φ mode, as expected [60, 61] . Following suit, we rewrite eq.(4) as
which is the decomposition we will use in this paper. The theory has gauge redundancy expressed by the following gauge transformation:
where the gauge transformation vector ξ µ can be decomposed into its transverse and longitudinal parts as [76] :
so that the SVT modes transform as following under the gauge transformations:
from which we see that h µν and φ are gauge invariant while A µ and B are not. Note that we have not yet canonically normalized
Studying the propagating modes of the theory given by eq.(1) around general backgrounds is quite involved. In order to find δ 2 S for any theory, we need to compute perturbations of many quantities. We provide perturbations of curvatures around arbitrary backgrounds in Appendix B. Decomposition of these perturbations in SVT form are given in Appendix C. The second order action around arbitrary backgrounds has the following general form 4 :
where K is a complicated, generalized kinetic matrix given by the sum of kinetic and effective mass matrices of all SVT modes. Its entries can be read off from the general structure of perturbations given in Appendix (C). From there, one can see that K is not diagonal in general and involves mixings between the different SVT modes. For GR and IDG around dS/AdS/flat backgrounds, K is diagonal in φ and h µν [61] :
Next, we discuss backgrounds typically studied in perturbative analyses, and then choose a specific non-MSS background (ḡ µν ) for the purpose of this paper. We motivate our choice of background which occurs in the context of IDG and removes cosmological and black hole type singularities.
IV. TYPICAL BACKGROUND SPACETIMES
We recall here aspects of pedagogical backgrounds one typically encounters when studying gravitational perturbations, and choose a specific background for the purpose of this paper. The lower the symmetry of the background, the harder it is to find δ 2 S, or equivalently, compute (equations of motion of) perturbations expressible in a form that is tractable to solving them, either analytically or numerically. It is useful to decompose all curvatures into their irreducible trace and traceless parts. Doing this for the Riemann tensor gives
which manifestly separates the Riemann tensor for a maximally symmetric spacetime (MSS) and deviations from it. Two commonly studied spacetimes are conformally-flat (FLRW) and Einstein (R µν ∝ḡ µν ) manifolds, defined bȳ C µνρσ = 0 andS µν = 0, respectively (see FIG. 1 ). GivenS µν =C µνρσ = 0, we get ∂ µR = 0 from the (differential) Bianchi identity, implying that the manifold is MSS with the Riemann tensor assuming the dS/AdS form highlighted in eq. (12) . This means that the intersection of conformally-flat and Einstein manifolds is MSS as shown in FIG. 1 . From FIG. 1 and eq.(12) , it is clear that deviations from MSS can arise either whenS µν orC µνρσ = 0. In this paper, we will focus on conformally-flat, non-MSS backgrounds. To be clear, the background we consider in this paper has the following properties:
where the 'covariantly constant curvature' conditions 5 in eq.(13b) greatly simplify SVT perturbations of the action to be discussed in sec.(V). Actually,∇ αSµν = 0 implies ∂ µR = 0 via the contracted Bianchi identity in eq.(32), so effectively we have only one condition, but we keep both of them explicit. Note that eq.(13b) does not imply that the background is MSS; a simple example is the Schwarzschild metric. It is easy to take the dS/AdS limit of δ 2 S around this more general background in eq.(13) by puttingS µν = 0 (andR = 0 for flat space limit) as we will see in sec.(VI). The background in eq. (13) is not as restrictive as MSS, and we will see from the analysis of perturbations later in sec.VII that this is just enough to draw interesting qualitative and quantitative conclusions about the nature of gravity in less symmetric, non-trivial backgrounds, particularly scalar-vector-tensor mixing essentially becauseS µν = 0. In Table I , we collect properties of curvatures of typical spacetimes and the background we consider in this paper. 
A. Background equations of motion
The full, non-linear EoM for the action in eq.(1) is given in Appendix (A1). On these, we impose our background conditionsC µνρσ = 0,∇ αSµν = 0 and ∂ µR = 0 from eq.(13) to obtain:
where we have defined
and usedR
which comes from the trace of the equations of motion given in eq.(A8). We have a 3 parameter family of solutions characterized by (Λ, f 1,0 , f 2,0 ). Of course, one trivial solution isS µν = 0, but this is just MSS. ForS µν = 0 for our background (see eq.(13a)), we consider non-trivial solutions of eq. (14) , but the exact form of these solutions is irrelevant for our purposes. The background EoM in eq.(14) will be useful in simplifying δ 2 S as we will see later. Next, we consider examples where our background conditions in eq.(13) may be realized physically.
B. Physical examples
Near a cosmological bounce
In bouncing cosmology, we usually deal with a flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric given by
where an overdot indicates differentiation with respect to cosmic time t and H = (ȧ/a) is the Hubble factor. K is the Kretschmann scalar which can be decomposed as
Since FLRW metric is conformally-flat, the Weyl tensor in eq. (18) vanishes. So if K is singular as t → 0, it implies thatS µνS µν and/orR 2 blow up. This is the case in big bang singularity where a ∼ t α , H ∼ α/t, for α > 0. Now, let us consider a bouncing scenario. General physical conditions at any symmetric bounce are [58] 
If we consider a simple bouncing scenario, which happens very slowly, we then have
To realize a slow-bouncing scenario, we can Taylor-expand the Hubble factor in time as
where M s characterizes the time scale related to bounce. The Ricci scalar and tensor for flat FLRW arē
At the point of slow bounce, we have H = 0 andḢ ≈ constant. In the limit t 1/M s , we havē
The non-zero components of traceless Ricci tensor, in general, take the form
during the bounce. Using the approximation of a slow bouncing scenario stated in eq. (20) which is nearly constant, we obtain∇
We see that we can satisfy our background conditions in eq.(13) in a bouncing scenario that occurs sufficiently slow, or in the limit t → 0. Therefore, studying perturbations around backgrounds satisfying the conditions in eq. (13) enables us to address the stability of a bouncing universe.
2. Non-vacuum, non-singular static compact objects
In IDG, classical and quantum analyses suggest the existence of a non-singular, spherically symmetric metric, with an effective scale of non-locality M eff (which may be different from M s , see [50, 52] ), and is given by [42] :
In IR, it asymptotes to the linearized Schwarzschild solution. Computing curvatures for the above metric in the limit r 1/M eff , we get [78]
so that, in the short distance regime r 1/M eff , we havē
as r → 0. Also, the Kretschmann scalar is finite in this limit:
eff . This solution is very different from a Schwarzschild black hole, which is a vacuum solution and has a singularity as r → 0. For differences between the two solutions, see [78] . Similar behavior persists if a charged system is studied [79] . The above conditions (eq. (28)) approximately satisfy the conditions we earlier imposed on our background choice in eq. (13) . Furthermore, it was shown in [42] that the above metric solution becomes conformally-flat for length scales much smaller than the effective non-locality scale 1/M eff .
Also in [42] , it was shown that in the non-local region, the following metric is a solution of IDG EoM, with non-singular curvature scalar invariants:
which givesR
From the discussions above, there is enough physical motivation to study perturbations around our background in eq. (13), satisfying∇ αSµν ≈ 0, ∂ µR ≈ 0. Next, we study perturbations in SVT form around these backgrounds.
V. SECOND ORDER VARIATIONS OF THE ACTION
In this section, we will organize and present the second order perturbations for every term in the action given in eq.(1) around the background in eq. (13) and express them in SVT form (see eq.(6)):
After obtaining perturbations in terms of h µν and background curvatures, a significant series of steps must be carried out in order to simplify them and express the final expressions in SVT form. We present only the final, most simplified expressions in this section, after applying our background curvature conditions in eq. (13) and Bianchi identities. The step-by-step procedure we have followed is outlined below:
(i) Decompose all background curvatures into their irreducible trace and traceless parts so that all expressions are specified in terms of Ricci scalar (R), traceless Ricci tensor (S µν ) and Weyl tensor (C µνρσ ).
(ii) Commute covariant derivatives as much as possible so that they assume a canonical form, and end up acting on the divergenceless h µν and A µ , giving zero (see eq. (5)).
(iii) SetC µνρσ = 0, since the background is conformally-flat (see eq.(13a)).
(iv) The nth order perturbation of an arbitrary tensor shares the same index symmetry and tracelessness properties as the original tensor. For example, the first order perturbation c µν ρσ inherits the properties of the full Weyl tensor C µν ρσ , in particular, it is completely traceless. (v) Apply the contracted differential Bianchi identities:
(vi) Use the covariantly constant background curvature conditions in eq.(13b):
The detailed derivation of perturbations can be found in Appendix (C) where the above steps have been followed. In particular, we have listed perturbations first around an arbitrary background, then applied conformal-flatness (C µνρσ = 0) and finally applied the covariantly constant curvature conditions in eq.(13b). The general perturbations can be useful for future work when considering general or conformally-flat backgrounds (like FLRW) which do not satisfy eq.(13b).
Perturbations at the quadratic level of the action around arbitrary, non-MSS backgrounds are quite convoluted (as can be seen from explicit expressions in Appendix (C)) and although they tell us a great deal about the structure of possible higher order terms, some simplifying assumptions must be imposed if we are to make any headway in calculations. Our background conditions in eq.(13) turn out to be very helpful in simplifying calculations to a large extent. δ 2 S is not too hard to find when the background is MSS (see [61] ). The reason is the appearance in perturbative expressions of many terms proportional to ∂ µR ,S µν andC µνρσ , which are zero for MSS. In this paper, we analyze perturbations beyond MSS because we choose to keepS µν = 0. Note that all perturbations have a common factor of √ −ḡ, which we have omitted hereon for brevity.
A. Perturbing Einstein-Hilbert plus cosmological constant term
The Einstein-Hilbert term with cosmological constant Λ in our Lagrangian in eq.
(1) is:
, we get (see [61] ):
where we have used Λ =R/4 which satisfies the background trace equations of motion (see eq. (16)). We then first express eq. (34) in terms of h µν and then decompose the result in SVT form using eq.(6). δ 0 contains terms purely quadratic in φ, B, A µ and h µν , and mixed terms between them. Detailed calculation from scratch is given in Appendix (C 1). Here we present the final expressions after following the simplifying steps given before in the beginning of sec.(V). The purely quadratic in scalar, vector and tensor modes each, are:
while the 5 non-zero mix terms are:
and the φ h scalar-tensor mixing is zero. Note from eq.(37) -eq.(38) that the mode mixing terms are proportional tō S µν , which vanish around MSS and flat backgrounds, as we will see later in sec.(VI). But these mixings are non-zero for our background (see background EoM in eq. (14)).
B. Perturbing quadratic in Ricci scalar term
The Ricci scalar squared term in our Lagrangian in eq. (1) is
Let us lay out all the 10 possible
In total, there are 9 independent terms because (0200) is equal to (0002) after integration by parts. Substituting the SVT decomposition eq.(6) in eq. (40) gives purely quadratic terms in φ, B, A and h 8 each, and additionally, mixed terms between them. There are 6 possible mix terms: φB, φA, φ h, BA, B h and A h, just as for
we collect some terms that actually turn out to be equal to δ 2 L EH+Λ , as shown for maximally symmetric backgrounds in [61] . Consider the part δ
We see that it can be expanded as:
where in the first equality, the only non-zero term fromF 1 (¯ s )R was picked, the rest being zero from eq.(13b). In the second equality, the middle term has a coefficient of 2 because it occurs twice in δ 2 L R 2 , as we just noted above: (0200) = (0002). From eq. (41) and eq.(34), we notice that
6 For example, (1100) denotes the expression which has O(h 1 ) perturbation of
and O(h 0 ) of R, all adding up to give O(h 2 ). 7 We follow the following notation: R =R + r + δ 2 R, Sµν =Sµν + sµν + δ 2 Sµν , and Cµνρσ =Cµνρσ + cµνρσ + δ 2 Cµνρσ. For details, see Appendix (B). 8 Indices on Aµ and hµν suppressed for brevity.
We recall here for convenience
Comparing eq. (42) and eq. (43), the second term in eq. (42) forms a part of the second last term in the second line of eq. (43) . In the second line of eq. (43), the first 2 terms vanish upon using ∂ µR = 0 from eq.(13b) and Appendix (B16); the remaining 2 terms are each non-zero, but sum to zero after using ∂ µR = 0 and integrating by parts, exactly like the MSS case as shown in [61] . Ultimately, this implies
In deriving this result, we just usedR = constant, which is true for both MSS and our background in eq. (13). Therefore, for δ 2 L R 2 , the only non-trivial term we have to find is (0101) = √ −ḡ rF 1 (¯ s )r. The detailed calculation from scratch is given in Appendix (C 2) Finally, we have terms which are purely quadratic in scalar and tensor modes
and a scalar-tensor mix term
with rest of the SVT perturbations zero for our chosen background in eq. (13) . Note that the scalar-tensor (φ h) mixing in eq. (46) is proportional toS µν and so vanishes around flat and MSS backgrounds as we see later in sec.(VI). But it is non-zero for our background.
C. Perturbing quadratic in traceless Ricci tensor term
The traceless Ricci tensor squared term in our Lagrangian in eq.(1) is
has the following contributions after imposing the background conditions, eq. (13), and integration by parts:
giving 9 independent terms because (0200) = (0002). For MSS, becauseS µν = 0, the only non-zero contribution in
Expressing the above second order perturbation terms (eq. (48)) in SVT decomposition is not straightforward. Although, most terms can be computed without much effort, the four terms (1010), (0110), (0011) and (0020) are non-trivial because they involve either δ(F 2 ( s )) or δ 2 (F 2 ( s )) acting on a tensor of rank 2, which have long expressions. We now simplify these terms as much as possible.
is a power series (see eq. (3)):
This implies:
Now, using the covariantly constant curvature conditions in eq.(13b), we can put to zero each term in δF 2 ¯ s which has¯ s on its rightmost end. This enables us to effectively write δF 2 ( s ) in terms of δ( s ) as:
We then finally obtain:
where we define
2.
Just like above, here we have
and s ν µ is given in Appendix (C14).
. So we use¯ s operators in eq.(49) on the leftmost positions to integrate by parts and put these terms to zero. We finally get:
which has a long and complicated expression and there seems to be no straightforward way to obtain a readable form for (0011).
(0020) =
has the most involved expression of all:
Dominant terms in the UV
The SVT decomposition of δ 2 L S 2 in all its glory is quite complicated and we do not present it here. For a simplified analysis, in the UV limit k M s , we consider the dominant contributions in eq. (48). Below we argue that (1001) and (0101) are the only contributions we need to consider in the UV limit. We assumeR,S µν < O(M 2 s ), which is reasonable, at least for the cosmological and black hole scenarios discussed in sec.(IV).
First of all, we neglect the local contributions in eq. (48), that is, which do not have the form factors F i (¯ s ); in the UV limit, terms with F i (¯ s ) dominate δ 2 S. These are (1100), (2000), (0200) and (0002). For example, (1001) is dominant compared to (1100) because F 2 (¯ s ) > f 2,0 . The remaining non-local contributions are (1010), (1001), (0110), (0101), (0011) and (0020). Let us compare all these terms with (0101). Suppressing indices, (0101) has the following terms schematically:
as can be seen from the expression for s ν µ in Appendix (C14). Note that h denotes the full perturbation before SVT decomposition. Assuming k M s in the UV limit andR,S µν < O(M 2 s ), we can neglect terms in the second line of eq.(59) compared to terms in the first line. In this limit, we can also deduce that
To see this, we check contributions coming from the various dimensionful quantities. Consider the first inequality in eq. (60) . Ignoring h, δ( )S µν /M 2 s given in eq. (53) is schematically SS +SR +S∇∇ /M 2 s , while s ν µ given in eq.(C14) is schematically R +∇∇ . Comparing these two and using the above-mentioned limit, s µν is dominant. The same argument can be used to see how the second inequality in eq. (60) comes about. Using the above reasoning, we see which terms in eq.(48) can be neglected:
(i) (1010): given in eq. (51), is schematically written as:
Comparing eq. (61) and (0101) (1001) is of the same order as (0101).
(iii) (0110): given in eq.(54) can be neglected compared to (0101) in eq.(59) by using the first approximation in eq.(60).
(iv) (0011): given in eq. (56) can be similarly neglected compared to (0101), using the second approximation in eq.(60).
(v) (0020): given in eq.(57) contains two kinds of contributions. The first one is local as it has no F 2 (¯ s ). This can be neglected compared to (0101), which has F 2 (¯ s ). The second part is non-local which can be neglected compared to (0101) using the first approximation in eq.(60).
D. Perturbing quadratic in Weyl tensor term
Lastly, the quadratic in Weyl tensor term in our Lagrangian in eq. (1) is
Since our background is conformally-flat, any term in
ρσ containingC µνρσ vanishes. We are then left with only one non-zero term:
which finally becomes: is introduced for brevity; (C) indicates that it comes from δ 2 L C 2 . All other SVT contributions including mix terms are zero. Detailed calculation from scratch is given in Appendix (C 4). MSS and flat space limits are discussed in sec.(VI) which are greatly simplified after settingS µν = 0.
VI. dS/AdS AND FLAT SPACETIME LIMITS
In this section, we verify that δ 2 L in eq.(31) computed around our non-MSS, conformally-flat background given by eq.(13) reduces 9 to the known expressions computed before in [61] , [60] . This section borrows many steps from there. Three important simplifications occur when computing δ 2 L around MSS. First, all perturbations that contain at least one A µ or one B mode go to zero since each term in these expressions is proportional toS µν (see Appendix (C) or sec.(V)). This kills all terms that are purely quadratic in each A µ or B, and also modes that are mixed with them. Second, all mode mixings between h µν and φ vanish upon using the Riemann tensor for MSS in eq.(12), transversality constraints on SVT modes in eq.(5) and integration by parts. Third, the complicated piece δ 2 L S 2 in eq.(47) has only one non-zero contribution coming from (0101), with the rest vanishing becauseS µν = 0.
The
The non-zero SVT contributions coming from δ 2 L R 2 are (see eq. (44)):
The non-zero SVT contributions coming from δ 2 L S 2 are (see (eq. (48)):
where we have definedD
and used the following recursion relations applicable only for MSS 10 :
Finally, the non-zero SVT contributions coming from δ 2 L C 2 are (see (eq.(63)):
where we have used the following recursion relations applicable only for MSS:
Full δ 2 S can be split into its tensor (δ 2 S h ) and scalar (δ 2 S φ ) parts, and we get
where we have introduced canonically normalized fields
This matches with the results obtained in [61] and verifies the MSS limit. Effectively, eq. (72) gives spin-2 and spin-0 components of the graviton propagator around dS/AdS backgrounds. Now, going to the flat space limit is easy by substitutingR = 0 above. We get the spin-2 and spin-0 components of the propagator:
, where
and we have defined p
We finally get
This matches with the result in [61] and verifies the flat space limit. Before moving on to the next section, recall that the background curvature dependence in expressions comprising δ 2 S appears in terms ofR andS µν . These curvatures are generated in two ways: first, when we compute the perturbation of a quantity (like Ricci scalar) to some order, and second, when covariant derivatives (∇ µ ) are commuted across the infinite tower of¯ s operators (in F i (¯ s )) to the other side in order to contract with corresponding covariant derivatives (∇ µ ) to form scalar¯ operators. Perturbations around our background satisfying eq. (13) reduce to those around MSS whenS µν is set to zero. Naively, we might be able to separate the non-MSS and MSS parts of perturbations by separating expressions with and withoutS µν , respectively. This is not possible, however, because simple recursive relations when commuting∇ µ , like in eqs. (69) and (71) for MSS, do not seem to exist for non-MSS backgrounds (except for the simplest cases when∇ µ operates on a low-rank tensor (see for e.g. Appendix (E14) and (E17)).
VII. ILLUSTRATIVE EXAMPLES
To facilitate studying equations of motion of SVT modes in IDG around our background (eq.(13)), we consider 3 examples, each of which has only one F i ( s ) non-zero. L EH+Λ is never zero since we want the higher derivative theory to reduce to GR in IR. In two cases, we will show that the different SVT degrees of freedom can be decoupled and solutions can be obtained in the UV regime. The third case shows non-trivial mode mixing.
In this case, the action is composed of Einstein-Hilbert plus cosmological constant and quadratic in Weyl tensor parts of the full action in eq.(1). The background EoM in eq. (14) in this case reduces to M 2 PS µ ν = 0 whose solution is S µ ν = 0, which is just MSS, and has been studied before in [61] . We briefly recall the results from there. The second order action can be read off from eq.(72):
with a kinetic matrix K diagonal in φ and h µν modes (see eq. (11)). We see in the quadratic form for h µν above that in addition to the usual pole for GR atR/6 expressed by (¯ −R/6), there is a multiplicative factor which contains the higher derivative, non-local form factor F 3 ( s ). By demanding this multiplicative factor to be exponential of an entire function 11 , it becomes possible to modify the graviton propagator such that there are no extra degrees of freedom, and also no ghosts. For example, for an entire function α(¯ s ), and
which is holomorphic, we get the following tensor quadratic form:
which has the usual graviton pole corresponding to dS/AdS radius, and, additionally, exponential suppression at large momenta k M s .
In this case, the Lagrangian consists of Einstein-Hilbert plus cosmological constant and quadratic in traceless Ricci tensor parts of the full Lagrangian in eq.(1), and we have:
In this case, the background EoM from eq. (14) is
µαS να which is non-trivial to solve. Furthermore, from explicit perturbative expressions given in Appendices (B) and (C) (see also sec.(V C)), we see that δ 2 L is highly non-trivial and possesses all the 6 possible mixings between scalar, vector and tensor modes. Therefore, in this case the generalized kinetic matrix K µν = 0 for all µ, ν. The full δ 2 L in eq. (79) for all SVT modes is quite long and not very enlightening, and so we will not present them here.
However, following the discussion in sec.(V C), we can greatly simplify δ 2 L S 2 and extract the two dominant contributions in the UV, where infinite covariant derivatives dominate, i.e. (0101) and (1001). In particular, in this limit, we neglect contributions coming from M 2 P δ 0 and terms in δ 2 L S 2 that are quadratic in background curvatures because, in this UV limit, the momenta scale as k M s withR,S µν < O(M 2 s ). In Appendix (C 3), we have presented the (0101) and (1001) 
Unlike the previous case in sec.(VII A), here we see that decoupling the different SVT degrees of freedom at the quadratic level of the action is not an easy task, and perhaps impossible. This indicates having quadratic in (traceless) Ricci tensor terms in the action will, in general, give rise to all SVT modes being coupled to each other when the background is not MSS 12 . We defer the analysis of eq.(79) to future.
12 Notice that when taking the MSS limit (Sµν = 0), all mode mixing operators in eq.(80) manifestly vanish, except 1 24R
µν . This goes to zero too, after integrating by parts and using the transversality condition∇ µ hµν = 0.
In this case, the Lagrangian consists of Einstein-Hilbert plus cosmological constant and quadratic in Ricci scalar terms of the full Lagrangian in eq.(1):
The second order Lagrangian in this case is (see eqs. (34) and (44)):
where Ω = M 2 p + 2f 1,0R and the background EoM from eq. (14) is:
If we trace back to how we obtained the background EoM in eq. (83) from Appendix (A1), we notice that only the condition ∂ µR = 0 was used, not∇ αSµν = 0. Now, the background EoM in eq.(83) has 3 possible solutions. Let us consider them one by one:
1. Ω = 0,S µν = 0: SinceS µν = 0, this leads us trivially to the MSS case presented in sec.(VI) (also see [61] ) and we get the scalar and tensor parts of the second order action as:
In order to have no extra degrees of freedom in the φ sector, in addition to a possible Brans-Dicke scalar of mass m, we can choose
where α( s ) is an entire function (like in eq.(77)) and = 0 or 1. = 0 corresponds to no extra scalar mode, while = 1 corresponds to one extra Brans-Dicke scalar. Imposing m 2 > 0 ensures that the scalar is not tachyonic.
2. Ω = 0,S µν = 0: SinceS µν = 0, we have a non-MSS background, as required by our background conditions in eq. (13) . Ω = 0 then determines the background Ricci scalar to be:
The first term in eq.(82) vanishes because Ω = 0. From eq. (45) and eq. (46), we see that δ 2 L contains only φ and h µν modes:
where, now, we have used the condition∇ αSµν = 0 (see eq.(13b)). We can diagonalize δ 2 L using the field redefinition
so that the quadratic action becomes
and varying δ 2 S with respect to ψ gives us the EoM for ψ:
This new scalar ψ is gauge-invariant as it is composed of gauge-invariant fields h µν and φ (see eq. (9)). Now, the propagating degrees of freedom in the theory described by the action in eq.(89) depends on the form of F 1 (¯ s ) we choose in our Lagrangian in eq. (81) . For example, if we choose F 1 (¯ s ) = 1, then ψ has no kinetic term. Also, from the EoM in eq.(90), we get ψ = 0, which from eq.(88) gives the constraint equation
If we choose F 1 (¯ s ) =¯ s =¯ /M 2 s , the quadratic action becomes
where ψ ≡ ψ/M s now has canonical dimensions [ ψ] = 1. This theory describes a propagating massless scalar in a non-MSS (S µν = 0) background. It is also ghost-free because the sign of the kinetic term is correct. If we choose F 1 (¯ s ) = 1 −¯ m 2 e α(¯ s ) , for some entire function α(¯ s ), we have
where = 0 or 1. The case = 0 furnishes no poles for ψ, while = 1 and furnishes a massive scalar of mass m without any additional poles.
3. Ω = 0,S µν = 0: SinceS µν = 0, we again have an MSS background, but this dS/AdS vacuum is different from that in eq. (84) where Ω was non-zero. Here, Ω = 0, and the coefficient f 1,0 in F 1 ( s ) is related to the cosmological constant viaR
The second order action in this case can be obtained by putting Ω = 0 in eq.(84), where its tensor part δ 2 S h vanishes, leaving us with just the scalar part:
which has the EoM for φ given by ¯ +R 3
As before, we can choose F 1 (¯ s ) = e α(¯ s) for some entire function α(¯ s ) to avoid any additional poles for φ. In a local theory, with say F 1 (¯ s ) = 1, the EoM in eq.(96) reduces to that of a 4th order wave operator acting on φ:
In addition to modes φ 0 which satisfy both ¯ +R 3 φ = 0 and eq.(97), there also exist log modes φ log which satisfy eq.(97) but not ¯ +R 3 φ = 0 [80] . We see that this dS/AdS vacuum has a different spectrum compared to the (Ω = 0,S µν = 0) case discussed before. In that case, δ 2 S had both tensor h and scalar φ modes (see eq. (84)). In this case, we have only the scalar φ mode, that too which satisfies a different EoM given in eq.(96).
VIII. CONCLUSIONS
In this paper, we studied perturbations at the quadratic level of the action for Infinite Derivative Gravity, involving quadratic in curvature terms, proposed in [32] . We computed (covariant) scalar-vector-tensor perturbations (φ, B, A µ , h µν ) around conformally-flat, covariantly constant curvature backgrounds which are more general than, and go beyond maximally symmetric spacetimes. We have illustrated that conformally-flat, covariantly constant curvature backgrounds generically arise in IDG theories when resolving big bang and black hole singularities. Testing the stability of these backgrounds requires studying perturbations, which was the focus of this paper. We found that around our chosen background, the different SVT modes do not decouple at the quadratic level of the action. This means that, for instance, the scalar mode φ is sourced by the remaining vector A µ , tensor h µν and scalar B modes. To show the consistency of computations around our non-maximally symmetric background, we derived dS/AdS and flat space limits, previously computed in [32, 61] .
Studying quadratic order SVT perturbations at the level of the action, around our conformally-flat, covariantly constant curvature background in various limits of IDG, we learn the following:
• In the case where F 1 = F 2 = 0 and F 3 = 0 i.e., when the action contains only the non-local, quadratic Weyl term in addition to the usual Einstein-Hilbert plus cosmological constant term, our background equations of motion imply that the only possible background solutions are maximally symmetric dS/AdS (S µν = 0). So in this case, there is only one propagating degree of freedom, h µν , and we can construct a ghost-free propagator for it, as was shown previously in [61] .
• The case with F 1 = 0, F 2 = 0 and F 3 = 0 i.e., when the action contains non-local, quadratic in traceless Ricci tensor term in addition to the usual GR term, is quite involved. The second order action has a complicated form which was expected because of our non-trivial background that goes beyond dS/AdS. We present the framework for perturbations in this case, but for economical reasons, present the second order action with only the terms that are highly dominant in the UV. Here, we see that all the SVT modes have non-local (containing F 2 ( s )) kinetic terms and also non-trivial mixings with all the other SVT modes.
• In the case with F 1 = 0, F 2 = 0 and F 3 = 0 i.e., when the action contains non-local, quadratic in Ricci scalar term along with the usual GR term, we found that the scalar B and vector A µ modes do not appear at all. The remaining φ and h µν modes are mixed but the second order action can be diagonalized. We have analysed all the vacuum solutions of this case and studied the spectrum of propagating modes.
In addition to the fact that SVT modes are generically coupled, we notice that their kinetic terms are not only functions of , but also the background traceless Ricci tensor and Ricci scalar. This is similar to the case when background was dS/AdS (see [61] ) where we had form factors (obtained from ghost-free conditions) depending not only on covariant derivatives, but also the background Ricci scalar (for e.g., see eq. (72)). In our case, form factors do depend on the background traceless Ricci tensor since our background is not MSS. In order to clearly see this, however, one must use the commutation relations presented in Appendix (E) to commute∇ µ through F i ( s ) and contract with∇ µ on the other side of the form factors. However, these commutation relations are not recursive in most cases and it is not possible to write a closed form expression for form factors where explicit background curvature dependence is manifest. Our study indicates that in order to formulate a background independent theory of IDG, we must start with form factors depending on curvatures i.e.,
in such a way that we do not have to fix the form factors depending on any particular background. One might also consider studying perturbations using a decomposition different from the one in eq. (6) . We leave these interesting endeavors for future investigations.
The perturbations we have computed in this paper around backgrounds beyond MSS can have wide applications for probing UV physics for any higher derivative theory of gravity. We illustrated, with explicit computation, that SVT modes in these backgrounds couple. This indicates gravitational waves around these backgrounds can have non-trivial (extra) polarizations, which in future we might be able to test in the light of LIGO/VIRGO detections [81] .
Appendix A: Full, non-linear equations of motion Varying the action in eq.(1) with respect to the metric gives the eom derived in [70, 84] :
where
Taking the trace of eq.(A1), we get
Appendix B: Perturbations around an arbitrary background
The metric is perturbed as
In general, an expression Q (arbitrary rank tensor, indices suppressed) which depends on g µν , has the following expansion:
where the superscript in parentheses (n) denotes that the perturbation is O(h n ).Q = Q (0) is the background value of Q. We use lowercase letters to indicate O(h) perturbation of the relevant quantity, while higher order perturbations are indicated explicitly by their order n. So, q = Q
(1) = δQ, Q (2) = δ 2 Q, etc.. Specifically, Q could be the inverse metric, Ricci scalar (R), Ricci tensor (R µν ), traceless Ricci tensor (S µν ), Weyl tensor (C µνρσ ) or the Levi-Civita connection. In order to set notation, we expand the curvatures up to O(h 2 ):
The perturbations of all other quantities involve perturbations to all orders in h. We will henceforth expand all other quantities up to O(h 2 ) at most. As an example, suppose we want to find the O(h 2 ) contribution in (QP ) where Q and P are some quantities that depend on g µν . To find (QP ) (2) , we expand each term and collect all O(h 2 ) contributions:
The inverse metric is
while square root of the metric determinant is
Note that δg µν = h µν and δg µν = −h µν . All traces are taken with respect to the background metric, like h =ḡ µν h µν . Covariant derivatives (∇ µ ) are defined with respect to the backgroundḡ µν . The Levi-Civita connection is
Expansions for curvatures are then obtained by substituting the above expansions in eq.(B3). We use the notation in eq.(B2) for the remaining part of Appendix (B). The following expansions are valid for an arbitrary background. We get
Note that C
µνρσ has 144 terms and is not very enlightening and so we do not present it here. Perturbations of mixed rank tensors can be written down once the perturbation of its fully covariant (or contravariant) counterpart is known, for instance
We also need perturbations of covariant derivatives. For ∇ µ Q, this means that the Levi-Civita connection in the definition of ∇ µ is expanded in h, keeping Q unperturbed. Then δ(∇ µ ) means that after ∇ µ operates onQ, it is expanded in h, and the first order is picked out. We have
For example, for a scalar φ which does not depend on g µν , we have
Similarly, for Ricci scalar R, which depends on g µν , we have
We can now expand covariant derivative ∇ µ , box operator and the form factors
Appendix C: Second order variation of the action
This appendix is self-contained. In Appendix (B) earlier, we had listed perturbations of all curvatures in terms of h µν . In this appendix, we perform SVT decomposition of δ 2 S eq.(31) and apply our background conditions eq.(13). We closely follow the steps enumerated in eq.(V) in order to get the most simplified expressions. In particular, (i) We first present the most general perturbations in terms of the SVT modes φ, B, A µ and h µν , and background curvaturesR,R µν andR µνρσ which are kept arbitrary. We also use the second Bianchi identity eq.(V).
(ii) All background curvatures are then decomposed into their irreducible trace and traceless componentsR,S µν andC µνρσ . We also impose background conformal flatnessC µνρσ = 0 eq.(13a). And use the Bianchi identity again.
(iii) Covariantly constant background curvature conditions∇ αSµν = 0 and ∂ µR = 0 in eq.(13b) are applied.
For reference, around an arbitrary background, we have [61] :
(i) Performing SVT decomposition eq.(6) of δ 0 eq.(34) around an arbitrary background, we get the terms which are purely quadratic in one SVT mode as 
and six mixed terms given by
(ii) Rewriting the above in terms of irreducibleR,S µν ,C µνρσ and imposingC µνρσ = 0, the terms purely quadratic in one SVT mode are then 
with the mixed terms
(iii) Imposing∇ αSµν = 0, ∂ µR = 0 and substituting Λ =R/4 which solves the background equations of motion (see eq. (16)), the terms purely quadratic in one SVT mode are
and the mixings are
We need to compute δ 2 √ −g RF 1 ( s )R given in eq. (44).
(i) We just need to find perturbed Ricci scalars which, for an arbitrary background, are
(ii) Rewriting the above in terms of irreducibleR,S µν ,C µνρσ and imposingC µνρσ = 0 gives
(iii) Imposing∇ αSµν = 0, ∂ µR = 0 to above gives
Finally, the non-zero terms are
All other SVT perturbations are zero. The final expressions for δ 2 L R 2 which use the above expressions are given in eq. (45), eq.(46).
ν has perhaps the most complicated terms eq. (48) . We present some of them here. We need s ν µ , which in terms of h µν around an arbitrary background is
(i) Its SVT decomposition is
(C15) (ii) Rewriting the above in terms of irreducibleR,S µν ,C µνρσ and imposingC µνρσ = 0, we get
(iii) Imposing∇ αSµν = 0, ∂ µR = 0 gives
Let us now compute the SVT decomposition for (0101).
where in the second equality, we canceled the terms to the left (only left, not right) of F 2 (¯ s ) which contain Kronecker deltas δ µ ν because they hit s µ ν to the right of F 2 (¯ s ) and vanish because of tracelessness. Then, we similarly expand s µ ν on the right, integrate by parts and get the following expressions for purely quadratic in one SVT mode
We now consider the perturbation (1001) in SVT form.
from which we get the terms with purely quadratic in one SVT mode
and the mixings (63)). Other terms, for an arbitrary background, can be computed from Appendix (B) but we do not present them here because they are not very enlightening.
(i) Performing SVT decomposition of c ρσ µν for an arbitrary background, we get (D1) δL 1 = δL 2 = 0, because each term in their respective infinite sums have 2 background curvatures, each of which has at least one derivative acting on it. Taking a first variation always results in a derivative acting on these background curvatures (from eq.(13b)), resulting in zero. We have In higher derivative gravity like IDG, there are many covariant derivatives, some of which are to the left of form factors F i ( s ) eq.(3). In order to contract them with covariant derivatives lying to the right of F i ( s ), we need to perform many commutations. These commutations, in a theory like IDG with infinite number of box operators in F i ( s ), lead to generation of an infinite number of background curvatures. When the background is MSS, it is possible in some cases to obtain compact expressions after the many commutations. It is apparently not possible to obtain compact expressions when the background is arbitrary. Nevertheless, it is useful to have formulas for such commutation relations to understand the general structure of perturbative expansions of a gravity action. In this section, we will generalize the commutation relations derived in Appendix B of [61] where the background was MSS, to those when the background is arbitrary.
For an arbitrary scalar φ, we havē 
If t µ was a transverse vector A µ satisfying∇ µ A µ = 0, the above expressions simplify tō
The last expression tells us that given a transverse vector A µ ,¯ A µ is not a transverse vector. 
Now, when the background is MSS, some of these commutations relations simplify into a compact recursion formulas. For example, we have∇ µ¯ φ = ¯ −R 4 ∇ µ φ =⇒∇ µ¯ n φ = ¯ −R 4 n∇ µ φ .
In eq.(E1), in order to get a recursion relation, we must expressR µν∇ ν φ in terms of∇ µ φ. To that end, supposē
where x is some scalar to be determined. Rewriting this twice, we get
Multiplying both expressions above, contracting withḡ µν and rearranging gives
so that now, we have a recursion relation for a general metric:
For MSS, x =R/4, as expected. Similarly, for a vector t µ in eq.(E2), we havē
where the scalar y is given by
such that we get the recursion relation ∇ µ¯ n t µ = (¯ + y) 
